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Using invariant imbedding, Corones, Davison, and Krueger (J. Math. Anal. Appl. 
2 (1983), 393415; J. Acoust. Sot. Amer. 74 (1983), 1535-1541; “Inverse Optics, 
Proc. SPIE 413” (A. J. Devaney, Ed.), pp. 102-106, SPIE, Bellingham, Wash., 1983) 
have approached the inverse scattering problem for an inhomogeneous medium by 
deriving an integro-differential equation whose initial data is the reflection kernel 
for the medium and whose solution yields the material properties of the medium. In 
this paper we pose this integro-differential equation as an ODE in the Banach space 
C[O, l] to obtain local existence, uniqueness, continuous dependence, and differen- 
tiability of the solution with respect to the initial data. In addition, we show that 
the Frechet derivative of the mapping taking initial data to the material properties 
has the form -4I+ K, where Z is the identity and K is a compact operator on the 
Banach space. 0 1986 Academic Press, Inc. 
I. INTRODUCTION 
In previous papers [3,4] Corones, Krueger, and Davison used the idea 
of a reflection kernel to describe, in the time domain, the scattering of 
waves by an inhomogeneous meduim. The reflection kernel plays the role 
of a transfer function for the medium; i.e., given an incident wave field, the 
reflected wave field is characterized as the convoluton of the incident field 
with the reflection kernel for the medium. It was shown that the reflection 
kernel and certain physical properties of the medium are related by an 
integro-differential equation. Thus, given the reflection kernel, this equation 
can be solved to obtain the material properties 
As an example of the above procedure, consider the equation 
u,, - ~,Ic2(z) =0, c’(z) = E(Z) PO, (1.1) 
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which describes the propogation of the transverse component of an elec- 
tromagnetic field through a stratified medium whose permiability ,u” is con- 
stant and whose permittivity E(Z) depends only on depth z into the 
medium. By converting to travel time coordinates, the above equation can 
be transformed into 
u IX - ur, + A(x) 4 = 03 O<x<l, (1.2) 
where A(x) is related to the logarithmic derivative of c(z) (see [4] for 
details). In [2] Corones and Krueger used invariant imbedding to derive 
from (1.2) the integro-differential equation 
Rx-2R,= -A(x)/2J; R(x, t-s)R(x,s)ds, O<x<l,OQtQ2(1-x), 
(1.3a) 
R(x,O)= -,4(x)/4, O<x<l. (1.3b) 
Here R(0, t), t 20, is the reflection kernel for the medium. Given R(0, t), 
(1.3a), (1.3b) can be solved to obtain A(x). From A(x), we can then obtain 
c(z), and hence, the permittivity of the medium. 
In this paper we discuss existence, uniqueness, and continuous depen- 
dence of A(x) on the reflection kernel R(0, t). To do this we formulate 
(1.3a), (1.3b) as an ODE in a Banach space and show the existence of a 
continuous mapping G taking R(0, t) to ,4(x). Furthermore, we will show 
that G is differentiable with Frechet derivative 
G'(R)= -47+&R). (1.4) 
Here 7 is the resealing map @f)(x) =f(2x), 0 < x < 1, and K(R) is a com- 
pact mapping. 
Equation (1.4) enables us to carry out a quantitative linearized stability 
analysis for the inverse scattering problem based on a singular value 
decomposition of the operator f?(R). Numerical results appear in a 
separate paper [?I]. 
II. THE BANACH SPACE ODE FORMULATION 
Substituting (1.3b) into (1.3a) gives 
Rx-2R,=2R(x,O$R(x, t-s)R(x,s)ds, o<x< 1,0<?<2(1 -x). 
(2-l) 
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Consider the change of variables z = x + t/2. This transforms the region 
0~x61, O<t<2(1-x) into the region 06x61, x<z<l. Let 
Q(x, r) = R(x, 2(~ - x)). Then dQ/dx = R, - 2R,, and from (2.1), 
dQ,‘dx(x,~)=2Q(x,x)[~Q(x,x+vs)Q(x,s)ds, O<x<l,x<r<l, 
(2.2) 
W, 27) = Q(O, ~1, O<z<l. (2.3) 
The inverse scattering problem now becomes given Q(0, r) for 0 d z d 1, 
find Q(x, x) for 0 <x < 1. 
Let B = C[O, l] denote the Banach space of continuous functions on 
[0, l] carrying the supremum norm 11 u 11 = sup { I u(z) I : 0 d r Q 1 }. Define 
the mapping F: [0, 1) x B + B by 
4u(z) s’ u(x + T -s) u(s) ds, x<rdl, 
X F(x, u)(t) = (2.4) 
0, OdT6X. 
Equations (2.2) (2.3) can be reformulated as the Banach space ODE 
du/dx = F(x, u(x)), O<x<l, 
40) = uo, 
(2.5) 
where U(X) = u(x)(r) = Q(x, t) and u~=u~(T)=Q(O,T), O<r<l; i.e., for 
fixed x the functions U(X) form the points in the Banach space B. The 
evolution of these functions as x increases is described by the ODE (2.5). 
Furthermore, since F(x, u)(r) = 0 for 0 <z <x, then u( 1, z) = Q(r, r) for 
0 d r d 1. Thus, in terms of the original invariant imbedding equations 
(1.3a), (1.3b), initial data uo(r) = R(0, 22), 0 < r < 1, is mapped to u( 1, r) = 
R(q 0) = -A(r)/4, 0 <r d 1, and hence, 
A(T) = -4U(1, T), O<r<l. (2.6) 
We next state some properties of the mapping F. 
LEMMA 2.1. Let B= C[O, l] and let F be defined in (2.4). Then 
(i) F: [0, l] x B-+ B. 
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(ii) For each u E B, F(x, u) is continuous with respect to x. 
(iii) For each x E [0, 11, F is Frechet differentiable with respect to u 
with F,(x, u) = dF/du(x, u): B + B given by 
40(x) 1; u(x + z -s) u(s) ds 
CFuk ~1 ul(t) = + 8u(x) s’ u(x + z -s) u(s) ds, x<z<l, 
x 
0, 0676x. 
(2.7) 
(iv) For fixed XE [0, 11, F,,(x, u) is a compact operator on B. 
(v) For each XE [0, 11, F is Lipschitz continuous with respect to u on 
bounded sets D, = {u E B: 11 u I/ < M) with Lipschitz constant equal to 12M*. 
Proof: (i) follows immediately from the fact that 
lF(x, u)(t)-% u)(~)l < Ilull ST II~l12d~+0 t 
as It-71 -0. To show (ii), fix UEB and let O<x<y< 1. For 7>y, 
I@, u)(7)-f’h u)(7)l6 I~(x)-~Y)I s’ /4x+7--s) 4s)l ds 
x 
+ l4v)l j-’ 14x+7--s) 4s)l ds 
x 
+ lu(y)l j-’ (u(x+7-s)-u(y+z-s)( ds 
Y  
G I 4x) - 4Y)l II 24 II* + II u II 3 (Y - XI 
+ 11~112 max Iu(x+w)--24(y+w)l -+O 
O<+V<T--y 
as ) y - x I + 0. The case 7 < y is similar. 
To show (iii), we first observe that G is Gateaux differentiable. Let u, 
v~Band hER. Then for 7<x, 
[(F(x, u + hu) - F(x, u))/h](r) = 0. 
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For z>x, 
111 
lim [(F(x,u+hv)-F(x,u))/h](r)=4v(x)~~u(x+r--s)u(s)ds 
h+O 
+ 824x) j’ u(x + z -s) u(s) ds. 
x 
The right-hand side of this expression defines a bounded linear operator 
L(x, U) on B. By an argument similar to that used to show (ii), it can be 
shown that the mapping u -+ L(x, u) is continuous in the uniform operator 
topology; i.e., 
II J% 4) -ax, u2)ll 
=sup(IIL(x,u,)u-L(x,u,)uIl:o~B, Ilull=l}+O 
as II U, - u2 I( + 0. Frechet differentiability and expression (2.7) follow 
immediately. 
(iv) is an immediate consequence of (2.7). Note that F,,(x, U) is the sum 
of a rank 1 operator and a Volterra integral operator, both of which are 
compact. 
(v) follows immediately from (2.7) and the mean value theorem (see [IS] 
for Banach space version). For U, u E B with I( u )I GM and I( u II GM, 
II m, u) - w, u)ll d II ZJ - 0 II sup II F,(x, a24 + (1 - a) u)ll . 
OSciQl 
But for any w  E B, 
I CFu(x> w) ul(dl G 4 I +)I jr II w II 2 ds + 8 I 4x1 I jr II w II II u II ds x x 
d 12 II w II * II u II . 
Thus 
II F&, WNl < 12 II w II2 
and 
I(~~(x,au+(1-a)u)ll~12~~au+(1-a)u~~*~12[aIIuII+(1-a)lluII]* 
< 12M2. 
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III. CONTINUOUS DEPENDENCE AND DIFFERENTIABILITY WITH RESPECT TO 
INITIAL DATA 
Again consider the ODE initial value problem 
du/dx = F(x, u(x)), O<x<l, 
u(O)= uo, 
(3.1) 
where a0 E B and F is given in (2.4). The following theorem is a con- 
sequence of the local Lipschitz continuity of F (Lemma 2.1 (v)) and may be 
proved as in the finite dimensional case using Picard iteration [ 11. See [6] 
for results pretaining to the infinite dimensional case. 
THEOREM 3.1. Let D,= {f~ B: Ilfli GM}, and uOeD,,,. Then (3.1) 
has a unique solution u with u(x) in D,,, either for all x E [0, 1 ] or else on a 
subinterval [0, b] which is maximal with respect to extension of solutions. In 
addition, u(x) depends continuously on the initial data uO. 
The following theorems may also be proved as in the finite dimensional 
case. The second is a comparison result giving a sufficient condition on u0 
such that the solution to (3.1) can be extended to the entire interval [0, 11. 
THEOREM 3.2. The mapping u0 + u(x) is differentiable with Frechet 
derivatioe R(x): B + B. For each z,, E B, z(x) = R(x) z0 is the solution to the 
linear differential equation 
dz/dx = F,(x, u(x)) z(x), O<x<l, 
(3.2) 
z(O)=z,. 
THEOREM 3.3. If 11 u. (I < 8 - ‘12, then (3.1) has a unique solution u which 
exists on the entire interval [0, 11. 
Proof: From (2.4), 11 F(x, u)ll d 4 11 u l13. The scalar ODE dy/dx = 4y3, 
y(0) = yO, has the solution y(x) = [ yg/(l - 8~yz)]‘/~, which exists on [O, l] 
only if y, < 8 - ‘12. 
We will assume in the remaining discussion that the solution U(X) 
remains bounded by some M> 0 for all x E [0, 11. Let G: B + B be the 
mapping taking u0 to u( 1). The existence and continuity of G follow from 
Therem 3.1, while Theorem 3.2 gives the differentiability of G. The next 
theorem gives a more precise characterization of G’, the Frechet derivative 
of G. 
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THEOREM 3.4. G’(u,) = Z+ K, where Z is the identity on B and K is a 
compact operator on B. 
Proof: (3.2) can be written as the integral equation 
z(x)= zo + s x ~~(.Js U(Y)) 4~) 4s O<x<l. 0 (3.3) 
Let C( [0, 11, B) denote the continuous functions from [0, l] into B with 
thenorm II~lIm=supo~,~I _ _ 11 u(x)11 . Define the operator A : C( [0, 11, B) + 
CCO, 11, B) by 
(AZ)@) = j; F,(Y, U(Y)) 4~) dv. (3.4) 
By Lemma 2.1 (v), 
II A” II Q ( sup II F,(x, u(x)ll y/n! d ( 12M2)“/n!. 
OCX<l 
Thus the series C,“= 1 A” converges in the uniform operator topology to an 
operator S on C( [O, 11, B). Let (Ez,)(x) = z. denote the extension of z. E B 
to C([O, 11, B). Then from (3.3), 
z=(Z-A)-‘Ezo=(z+S)Ezo. 
Here Z is the identity on C( [0, 11, B). Let P: C( [0, 11, B) + B denote the 
pointwise evaluation Pz = z( 1). Then G’(u,) = P(Z+ S) E = PIE + PSE. The 
composition PIE is simply the identity on B. Let K = PSE, and note that 
E: B + C( [0, 11, B) is continuous. Also, PS= PA C,“= 1 A”- ‘, and K is 
compact if PA is compact, since the composition of a compact mapping 
and a continuous mapping is compact. 
To show compactness of PA: C( [0, 11, B) -+ B, we observe from (2.7) 
and (3.4) that 
(PAZ)(~) = 4 1; z(y, Y) jr 4y, y + z -s) u(s, s) ds dy 
Y 
Since both z and u lie in C[ (0, 11, B), both are continuous functions on 
[0, l] x [0, 11. Thus {PAZ: 11zII o. < 1 } is a bounded equicontinuous set in 
B. By the Arzela-Ascoli theorem [7], PA is compact. 
Remark 3.5. Recall from the introduction that we are interested in 
properties of the mapping t? taking the reflection kernel R(0, t) to the 
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functon A(x). If R(0, t) is continuous in t, then the results of this section 
show that (? is continuous and differentiable. The form of the derivative in 
Eq. (1.4) is an immediate consequence of (2.6) and Theorem 3.4. 
It should be noted that not all functions R,(t) = R(0, t) are reflection 
kernels. A characterization of the functions R,(t) for which (1.3a), (1.3b) 
has a solution has as yet not been obtained. Theorem 3.3 implies that if 
1 R,(t)1 < 8 -I’* for each t E [O, I], then R,(t) is a reflection kernel. 
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